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Abstract: We relate the Teichmuller spaces obtained by Hitchin to the Teichmuller 



spaces of W A n -gravity. The relationship of this space to W^-gravity is obtained by 



identifying the flat PSL(n + 1, M.) connections of Hitchin to generalised vielbeins 
and connections. This is explicitly demonstrated for WA2 = W3 gravity. We show 
how VT-diffeomorphisms are obtained in this formulation. We find that particular 
combinations of the generalised connection play the role of projective connections. We 
thus obtain VT-diffeomorphisms in a geometric fashion without invoking the presence 
of matter fields. This description in terms of vielbeins naturally provides the measure 
for the gravity sector in the Polyakov path integral for IV-strings. 
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1 Introduction 



One of the ways new structure arises in string theory is by extending the gauge 
symmetry of the world sheet beyond bosonic reparametrization invariance. The most 
well-known is of course supersymmetry, where there are both bosonic and fermionic 
degrees of freedom on the world sheet leading to local supersymmetry on the world 
sheet. The addition of this new symmetry plays an important role in non-critical 
strings allowing the extension of string theories beyond the bosonic strong-coupling 
barrier of c = 1. It is interesting to examine whether there are new structures 
associated with bosonic and/or fermionic chiral algebras (in the CFT sense) apart 
from the Virasoro algebra. This has been one of the prime motivations in studying 
VT-strings where the VT-algebra is the additional chiral algebra present in the theory. 

Among the outstanding problems of formulating a theory of V^-strings are first 
the non-linearity of the algebra|Q and the lack of knowledge of the structure of the 
associated moduli and Teichmuller spaces, especially the measure. In the Polyakov 
path integral formulation of string theory, one can show that the integration over all 
metrics can be reduced to one over the moduli space of Riemann surfaces. Associated 
to this moduli space is the Teichmuller space which when quotiented by the mapping 
class group gives moduli space. Not much is known about this space in the case of 
iy-strings except for the dimension, obtained by counting the number of zero modes 
of the associated ghost systems. The other problem is of course the insufficient 
understanding of W-coordinates which is especially difficult given the bosonic nature 
of the iy-symmetry. Several attempts have been made in the literature to tackle 
these issues but the problems remain largely unresolved. In this paper we make an 
attempt to tackle the first problem, basing ourselves on the work of Hitchin on Higgs 
bundles @. 

In the case of the bosonic string, it is known that the Teichmuller space can 
be obtained as a particular component of the space (for a surface £ with genus 
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g > 1) T 2 (S) = Hom(7n(S) PSL(2, M))/PSL(2, R). Hitching] has studied the 
spaces where PSL(2, R) is replaced by an arbitrary semi-simple group G. We will 
be interested in the case when G = PSL(n, R). This space has many disconnected 
components which includes a certain component (called the Teichmuller component) 
which has dimension (2g — 2) dim(G). For G = PSL(n,M), we denote the Teich- 
muller component by T n (E). We would first like to observe that the dimension of the 
Teichmuller space of W A n _i-sthngs is the same as that of T n (E). Second, for the case 
n — 2, this reduces to the usual Teichmuller space as we have already observed. We 
propose that the Teichmuller spaces T n (H) introduced by Hitchin are the Teichmuller 
spaces for W-gravity. 

Hitchin obtains the Teichmuller spaces as the space of solutions of the self-duality 
equations. These equations can be obtained from four dimensional self-dual Yang- 
Mills by dimensional reduction 0. The self-duality equations are 

F A + [$,$t]=0 , (1) 

where A is a unitary connection on a holomorphic vector bundle V, Fa its field 
strength and $ is a holomorphic section of End V <g> K. $ is called a Higgs field and 
K is the canonical line bundle. The holomorphicity condition on $ is 

£* = • (2) 

It is important to note that the self-duality equations are conformally invariant, i.e., 

they only depend on the conformal class of the metric. The different Teichmuller 

spaces obtained by Hitchin correspond to various choices of the Higgs pair (V,$). 

/0 hdz\ 

For example, in the PSL(2) case, V = {K~?- © K~s) and $ = .In this 

^° ° / 

case, the self-duality equations (P can be shown to be equivalent to the constant 
negative curvature condition jj. 

A first attempt to relate Higgs bundles to W-gravity was made by de Boer and 

Goeree (dBG)Q. dBG pointed out that the Higgs bundle setting was the way to 
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generalise their "covariant" constructions for pure W n -gravity to higher genus Rie- 
mann surfaces. However, their construction is somewhat indirect and involves the 
introduction of a somewhat arbitrary "reference connection" . 

In this letter, we attempt to establish that the spaces 7^(E) are indeed the Te- 
ichmuller spaces of W n gravity. We begin directly in the Higgs bundle setting, by 
identifying components of the Higgs field with a generalisation of the vielbein and the 
SO(n) connection with a generalisation of the spin - connection. Conceptually this 
is an important point since it provides a way of understanding various formulations 
of W n -gravity since the vielbeins and spin-connections give a covariant description of 
Wjj-gravity. In principle, this gives a means of obtaining the equivalent of "general" 
coordinate transformations for W-gravity. We can also obtain a direct relationship to 
the "metric" formulations of W-gravity a la Hull and others 0. This is in a sense a 
dual picture of the construction of W-generators as higher order Casimirs|||. Projec- 
tive connections are obtained as geometric constructs without any direct reference to 
matter. This is essential for a geometric picture. Finally, we suggest that just as the 
uniformisation of Riemann surfaces is related to flat PSL(2,M) connections, there 
must exist such a picture for the W n -case. 

In another paper 0, Aldrovandi and Falqui have discussed the relation of Higgs 
bundles to Toda systems and hence through that to formulations of W-gravity in 
a "liouville"-like formulation. They have also recognised the relationship of Higgs 
bundles to an uniformisation problem. However we believe that in our formulation of 
the problem there is a more explicit geometric structure that is revealed, that is also 
more general. 

The paper is organised as follows. In section 2, we use the bosonic string to 

illustrate how the identification of vielbein with the Higgs field and the connection A 

with the spin connection works. In section 3, we discuss the W n case using the W 3 as 

an explicit example. In section 4, we relate to the works of || £J [10], f§ by explicitly 

obtaining iy-diffeomorphisms in our formulation. Finally, in section 5, we conclude 
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with a brief discussion on these results and provide some suggestions. 



2 The bosonic string 

In this section, we shall demonstrate how our identifications of the vielbein as well 
as the spin-connection works in the case of the bosonic string. In addition, this 
will also illustrate self-duality equations. Consider, the case where the vector bundle 
V = © and 

/0 hdz\ 

Note that dim(V) = 2 which implies that the connection A in the self-duality equa- 
tions is a SU (2) connection?]. Substituting for $ in the self-duality equations gives 



\F° \ / - I 
-\F° I \ I 



h 2 dz A dz . (4) 



One can easily see from (Q) that since F = 0. This implies that the SU(2) connection 
is reducible to a U(l) connection. This U(l) connection can be identified with the 
spin-connection. It then follows that F° corresponds to the curvature and hence (|J) 
is the constant negative curvature condition. 

The connection A defined by 

A= (A + + 

is a flat SL(2, C) connection. The flatness condition follows from the self-duality 

equation (|l|) and the condition that $ is holomorphic (Eqn. (|2|)). Corlette and 

Donaldson have proved the converse of the above statement [|ll|, |I2| . They have shown 

that if V is a vector bundle on a Riemann surface S with a completely reducible flat 

connection A, then there exists a section (gauge), where A = (A + $ + where 

(A, $) satisfy the self-duality equations. 

1 The existence of such a connection requires that a certain stability condition has to be satisfied ||. 
For all the situations we discuss in this paper, we have a stable Higgs bundleQ. 
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Given a flat connection with gauge group G, it can be used to construct a map 
from 7Ti(£) to the group G by using the Wilson loop operator. The flatness of the 
connection ensures that the map depends only on the homotopy class of the path. 



See |13[ for a discussion. Since the Wilson loop is invariant under conjugation, we 
obtain an element of Hom(7r 1 (S) — > G)/G. 

Returning to our example, Hitchin has shown that for this choice of Higgs field, the 
holonomy data is contained in real form (isomorphic to PSL(2, R) ) of PSL(2,C). 
Hence, for purposes of the holonomy data, we can represent the connection A by 
a flat PSL(2, R) connection. In summary, the Higgs bundle is associated to a flat 
PSX(2, R) connection. 

Now modify the Higgs field to 

-(! I) ' 

where a GHom(i^~2 ; K?)®K ~ K 2 . Hence, a is a holomorphic quadratic differential. 
Again, the self-duality equations give the constant negative curvature condition ||. 
We know that the space of constant negative curvature metrics is the Teichmuller 
space. We have also shown that the space of self-duality equations with $ = 

V f o 

gives the space of constant curvature metrics on X and hence is gives Teichmuller 
space. 

We have already identified the U(l) connection with the spin-connection. We now 
identify the Higgs field with the vielbein of the Riemann surface. This identification 
was first made in [IB|. The PSL(2,M.) connection can then be explicitly written in 
terms of the vielbein and spin-connection as 

A={l , (6) 

where u is the spin-connection and e are the vielbein. The flatness condition on the 

vielbein are nothing but the usual torsion constraints imposed on them. Comparing 

with the explicit form of $ in eqn. (Q), we see that the flatness condition reduces to 

6 



the self-duality equations in the "conformal gauge" where e+ = e=T = h, e~ = = 0. 
(+, — ) are the tangent space indices and (z, z) are Einstein indices. The fact that 
the vielbein and the spin-connection can be combined into a PSL(2, M) gauge field 
(provided the constant negative curvature condition as well as the torsion constraints 



are imposed) has been observed in JTj, |15 . The PSL(2,~R) transformations given 
below 

s e v = d » e ~ + u^e- - ae~ , 

5 = d^a - e+e" + e~e + , (7) 
then correspond to diffeomorphisms (with parameters £ M ) provided we choose 

The flatness conditions are now given below. As can be clearly seen, the first expres- 
sion are the usual torsion free condition on the vielbein. 

T ± = d e + =f uj A e + = , 

F° = d u = — e + A e~ . (8) 
In the vielbein formulation, the metric is given by 

g l u, = el5 ab e b v ~tr(E?) , (9) 

e H 

where E = 4= = $ + $t. This object is a U(l) invariant symmetric 



V2 

two-tensor. 



e" 



The Polyakov path integral for pure gravity can be written in terms of vielbeins 
as follows 

[space of invertible vielbeins] - M J e +Ae- 
[diffeomorphisms] x [Lorentz] 

where \i is the cosmological constant. 
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3 The jy-string 



In this section, we will discuss the general case using W3 to provide more details. 
However, we shall try to preserve generality as much as possible. Following Hitchin||, 
we consider the vector bundle V given by 



V = S n -\K 



At 



K ~ © K 2- 



K 2 



'IF 



and choose the Higgs field 



/ 



h 



£1 

h 
h 2 



"n-1 



\ 



/i 



^ h 

h 



ILL 

/,2 



£1 

h 



dz 



(12) 



0/ 



where ai G if t+1 . (V, form a stable Higgs pair. Again A = A + Q + & is a flat 
PSL(n, C) connection provided the self-duality equations are satisfied. However, the 
flat connection A has its holonomy contained in a split real form of PSL(n, C) which 
is isomorphic to PSL(n, M). 

Due to a theorem of Hitching, one of the connected components of the space 
Hom^^E); PSL(n, M.))/PSL(n, M.) (which is the same as the space of solutions of 
the self-duality equations for the Higgs pair (V, $) just described) has dimension 
(2g — 2) dim PSL(n, M.) = (n 2 — l)(2g — 2) which is what one expects as the dimension 
of the Teichmuller space of WA n _i gravity. Further, the Higgs field is parametrised 
by ^ which correspond to holomorphic quadratic, cubic, quartic, . . . , differentials^. 
We would like to identify this space with the Teichmuller space of WA n _i gravity. 

Following the bosonic string example in the previous section, we shall now identify 
the Higgs field with generalised vielbein and the gauge field A with a generalised 



2 The zero modes of the b anti-ghosts in the conformal gauge are in one to one correspondence to 
quadratic and higher differentials. 
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spin- connection. For example, in the WA 2 string, the spin-connection is a 5*0(3) 
connection and the vielbein have five components. The PSL(3, M) connection can be 
parametrised as follows 



A 1 



( oo - (ur + e~) y/2e~ \ 

( W +-e+) ^ (-«- + c-) 
V \/2e + + (-w+-e+) -w-^ 7 



(13) 



where o;,^ form the 50(3) connection and e A are the generalised vielbein. We 
would like to make the following observations. We shall provide details in a later 
publication [jnj . 

(i) Here, (e , u) form a PSL(2,M.) connection which is embedded in PSL{3, R). 

(ii) e ++ ,e , e +_ are the new vielbein. They have been labelled by their U(l) 
charges (w.r.t. u). Schoutens et al. introduced W-vielbeins which appear to 
correspond to e ++ and e but not for e + ~ in their covariant construction of 
an action for scalar fields coupled to WA 2 gravity 

(iii) Relaxing the curvature zero condition on the 50(3) spin-connection, we obtain 
a more general setting for WVgeometry. Just as the full general coordinate and 
Weyl transformations could be recovered by relaxing the constant curvature 
condition, we can recover the same in this case. W-Weyl transformations can 



be obtained by suitably generalising a procedure due to Howe[17 . 



(iv) In the WA 2 case, one can construct the "metric" g 2 from the quadratic 50(3) 
invariant and a "cubic tensor" g 3 from the cubic 50(3) invariant. This is done 
by introducing E which consists of only the vielbein terms in the P5L(3,M) 
connection. Then 

g 2 ~tr(E 2 ) , g 3 ~tr(E 3 ) . 

(v) The geometry is not Riemannian anymore in the sense that the torsion con- 
straints are not sufficient to determine the connection in terms of the vielbein. 
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For e.g., in the WA 2 case, there are 5 torsion constraints and the connection 
has 6 components. However, we can always choose a gauge where we trade one 
of the gauge symmetries to determine the connection in terms of the vielbein. 

(vi) Conformal gauge corresponds to choosing 

= e 2 = h , = &t = 5 

which fixes the £0(3) gauge freedom. Further, these gauge choices are algebraic 
and hence their corresponding ghosts can be ignored (since they would be non- 
interacting). Next, make the following gauge choices 

e 2 e z e z e z > 

whose corresponding ghosts (anti-ghosts) are of spin —1,-2 (2,3) as required 
for WA 2 gravity. Further, the residual transformations which preserve this 
gauge choice correspond to holomorphic (anti - holomorphic) transformations 
e + , e ++ (e~, e ). The residual gravity degrees are freedom are h, e+ + = v + and 
ej~ = ir. 

4 VK-diffeomorphisms 

In this section, we shall identify PSL(n, K) gauge transformations with W - diffeo- 
morphisms provided a certain constraint is satisfied. Further, in contrast to earlier 
approaches, we obtain VT-diffeomorphisms in a purely geometric fashion without in- 
voking the presence of matter fields. In a different manner, the work of Gerasimov 
et al. H and subsequently that of Bilal et al. |J discussed VT-diffeomorphisms in the 
conformal gauge, as deformations of certain flag manifolds associated with jet bun- 
dlesQ In their construction, the action of WA^^ diffeomorphisms on the vector 
space was demonstrated. 

3 These ideas have been further developed subsequently by Zucchini Q. 
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4.1 The PSL(2,R) case 



As usual, the bosonic (PSL(2,M)) case shows us the way. Choose the Higgs field $ 
as in eqn. (|5|). Consider the fields (^1,^2) G (iT - 2 ; i^2) subject to the conditions 

(dl + &) ft I = ° > ( 14 ) 



2 , 



« + ) =0 • (15) 

Eqn. (|TJ|) implies that the fields tpi are holomorphic while the second eqn. flI5[ ) is a 
constraint on 0^. Interestingly, the self-duality equations ([I]) and (0) are implied by 
the consistency of the two conditions we have just imposed. Hence, self-duality equa- 



tions correspond to the integrability of equations (13) and (15). The holomorphicity 
condition (fj) on $ implies that 



uJ 7 



-h d z h , ujz = h d 2 h , (16) 



and that a is holomorphic (d s a = 0). We shall now rescale the fields ipi as follows 

) = [ x ■ (17) 

("01) V'2) correspond to primary fields in the CFT sense, i.e., they have Einstein 
indices. This rescaling now enables us to make contact with diffeomorphisms in 
CFT. Further, the Christoffel connection are given by V zz = 2uj z and T~ = 2u 2 . A 
simple calculation shows that (|TJ) and (|15D translate to the following conditions 



(0s + //3*-~d*/ity>i = O , (18) 
(^-u)Vi = , (19) 

where // = p- is the Beltrami differential and u = \d z Y zz + \(T zz ) 2 — a. It is a simple 
exercise to check that u transforms like the Schwarzian. A similar observation was 
made by SonodaEO] who pointed out that such a term could be added to the energy 
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momentum tensor to make it transform like a (2,0) tensor. See also, [21]. Hence, u 



behaves like a projective connection. Eqn. (|T8|) implies that ip\ transforms as 

which is the standard transformation of a (— 1,0) tensor in CFT. This is somewhat 
similar to what has been done in [§, ||. However, there are some differences. The 
flatness condition that has been considered in [§, [J is different from the flatness condi- 
tion implied by the self-duality equations. The PSL(2, R) gauge field is a completely 
geometric object with no relation apriori to matter fields. However, a special combi- 
nation of the spin-connection transforms like the Schwarzian. This combination can 
be related to the stress-tensor via Ward identities considered by Verlinde [|T5| , §]. It 
can also be seen that W— transformations have a presentation here without directly 
involving "matter fields." 



The compatibility of conditions (|18l) and ( |19|) implies that 

[d s + fid z + 2(d z n)] u = i<9 2 3 /i , (20) 

which is equivalent to the standard OPE for the stress-tensor (following a procedure 
outlined in ||.) 

T{z) T{w) ~ + + + . . . , (21) 

(z — wp [z — w) 2 [z — w) 

provided we identify 

„^?m ■ 

Thus we have recovered the residual diffeomorphism in the conformal gauge. 
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4.2 The W 3 case 



We shall now repeat the exercise of the previous section for the WA 2 case. Consider 
the multiplet ip2, ^3) £ (K^ 1 , K°, K). The Higgs field is given by (|T2| ) to be 

/ h 0\ 

dz + 0{a 2 ,ab,b 2 ) . 



f * 



This corresponds to setting t> ± = in the notation of section 3. We shall not turn 
them on for simplicity. The holomorphicity condition (ph implies that 



= uj — , uj z — —h d z h , ijj z = h 1 d z h 



(22) 



and that (a, b) are holomorphic (d z a = d z b = 0). The above solution is valid to 
0(a 2 ,ab,b 2 ). Impose the following conditions on (ipi, ip 2 , ^3)- 



02 
^2 

Us/ 



Eqn. (^) implies that the fields ipi are holomorphic while the second eqn. 
constraint on ip^ We shall now rescale the fields ipi as follows 



(23) 



(24) 



is a 



(25) 



^2 = ^2 

(■01,^2)^3) are the primary fields of CFT. Conditions ( |23"D and (0) translate to the 
following conditions 



(d- z - pd z + d z p + p(d 2 z - -w 2 ) - ^d z pd z + -{d 2 z p))il)i = 

3 2 o 

(<9 3 - u 2 d z - (« 3 + -d z u 2 ))ipi = , 
13 



(26) 
(27) 



where // = ■A and p = -j^ are the Beltrami differentials. Further, 

u 2 = 2d z TJ + (TJ) 2 + 2a , u 3 = [d, - 2T„*\fah) - b , 

where we have restored dependence on uo~ (even though it is vanishing to 0(a 2 , ab, b 2 ) 
). This is to show that combinations of the connection behave like a generalised 
projective connection in the sense of [§, [|. 

Equations (p6|) and (|27D are identical to those obtained in || see eqn. (35)]. As 



discussed earlier, we can continue to use arguments identical to theirs and show that 
the these two equations are equivalent to the following OPE's. 

T(\T( \ c / 2 2T( W ) , d w T(w) 

T(z) T{w) = - + - + r + . . . , 

(z — wp (z — w) z [z — w) 

T(z)w(w) = *M£L + B.WW 



(z — w) 2 (z — w) 

rxr, ^ tt„ ^ c/3 / 2 8 W 3 ^ 

W(z) W{w) = - — - — - + 1 



(z — w) 6 \ (z — w) 4 (z — w) 3 10 (z — w) 
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1 dl \ m , . 16 / 2 d w \ A . , 

T(w) + — 7 - + -^—)A(w) ,(28) 



15 (z — w) ) 5c \(z- w) 2 (z — w) i 

where A = T 2 . The above OPE corresponds to the semi-classical limit (c — > oo) of 
the OPE's of the WValgebra given in PJ after we make the following identifications 

24 24 

c c 

Equation fl26"D implies the following transformation law for a (—1)— differential 

<^i = e*0,v*-(0.e>i+e"(#^ , (29) 

where £ z and £ zz (that parametrise P^-diffeomorphisms) are given by £ z = e + h~ 1 and 
^zz _ e ++j l -^-_ e + anc i e ++ are SL(3, M) gauge parameters. 

We have demonstrated how W— diffeomorphisms are obtained in our formulation. 

The interesting feature is that certain combinations of the generalised connection play 

the role of projective connections. This is not surprising since these connections are 

required to form covariant derivatives under transformations which are much larger 

than the set of projective transformations. 
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5 Conclusion and Outlook 



In this letter, we have demonstrated that the Teichmuller spaces T n (H) introduced by 
Hitchin as the space of solutions of the self-duality equations are indeed the Teich- 
muller spaces for W-gravity. Even though we have restricted ourselves to the case of 
WA n -gravity in this paper, this generalises to ^-gravity related to other semi-simple 
groups. By introducing generalised vielbeins and connections, we are now able to give 
a gauge independent descriptions of W -gravity. For the case of W-string theory, one 
can now write a Polyakov path integral. This is done by considering the path inte- 
gral over the space of all generalised vielbein with the gauge symmetry corresponding 
to generalised diffeomorphisms and generalised local Lorentz transformations. The 
conformal and light-cone gauges can be obtained by appropriately gauge fixing these 
symmetries. In order to relate to the "metric" formulation || |23|, we have suggested 
that the symmetric tensors are given by higher order invariants. 

g n ~tr(E n ) . 

We have explicitly shown how W— diffeomorphisms as discussed by || [J are repro- 
duced in our formulation in the "conformal gauge." The interesting point is that 
special combinations of the generalised connections played the role of projective con- 
nections. 

We have seen that the generalised vielbeins and connections in W-string theory 

can be represented by flat PSL(n, K) connections for the case of surfaces with genus 

g > 1. What are the groups to be chosen for the sphere and torus topology? We shall 

use the bosonic case as well as the dimension of the group as a guide to figure out the 

answer. In the bosonic case, the group is SO (3) ~ SU(2)/Z 2 for spherical topology 

and ISO(2) ~ IU(1) for torus topology^. This leads us to guess that the groups 

SU(n) for odd £ n' and SU(n)/Z2 for even 'ri 1 for spherical topology and IU(n — l) for 
A IU{n) is the inhomogeneous group in C". It consists of all the elements of U(n) together with 
the group of translations in C n . 
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torus topology. Both these groups have the right dimension (= n 2 — 1). For example, 
ISO(n) will not work in the torus case except for n = 2. Further, the torus case 
can be obtained by contractions of either 577 (n) or SL(n, M), just as in the bosonic 
case 



i ||22|| . It is probably essential to solve the torus and sphere cases in detail for W- 
strings in this language in order to understand the spectrum as well as the divergence 
structure of these theories. 

To make further progress towards a description of W-strings the most important 
task seems to be understand the uniformisation associated with the flat PSL(3,M>) 
connections. In the case of P5L(2,M) this naturally leads us to the upper half- 
plane with the Poincare metric and the Riemann surface is described by quotienting 
the upper half-plane by the Fuchsian group. String matter fields can be formulated 
as living on this space. The jet bundles of are naturally associated with this 
uniformisation ||. In the case of PSL(3, M.) the natural structure is the one associated 
with the 2-jet bundle of K~ x . The uniformizing space in its most general form appears 
to be a space which is a domain in CP 2 . We might expect therefore in the PSL(3, M.) 
case a domain in CP 2 which when quotiented by the Fuchsian group (which is given 
by the embedding of the homotopy group of the surface into a discrete sub-group 
of PSL(3, R) ) describes the Riemann surface plus the additional data encoded in 
the new vielbeins and connections. This space would also naturally provide w— 
coordinates. This structure can also straightforwardly extended to the general W n 
casef| 

It is tempting however to try and relate the Hitchin construction for PSL(3,M.) 
directly to Goldman's work on the convex real projective (RP 2 ) structures on Rie- 
mann surfaces^]. In recent work|26|, Choi and Goldman have shown that the Te- 



ichmuller space of convex RP structures is the same as the Teichmuller component 



5 Gervais et. at have considered the possibility of surfaces embedded in CP n in the context of 
W-geometry and Toda systems [p4|, fL8| . Also, in a recent paperjjj, the relationship of Toda systems 
to Higgs bundles was demonstrated. 
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of the moduli space of Higgs bundles for PSL(3, R). Goldman also provides Fenchel- 
Nielsen co-ordinates for his Teichmuller space by considering convex domains in RP 2 
quotiented by a Fuchsian subgroup of PSL(3, R). In contrast to the PSL(2, R) case, 
there are two lengths (and corresponding twists) associated to every PSL(3, R) non- 
conjugate element of the Fuchsian group. (6g — 6) of these lengths ( and their twists) 
together with two other parameters associated with every pant in the corresponding 
pants decomposition provide the (16g — 16) real co-ordinates of the Teichmuller space 
of convex RP 2 structures. The gluing prescription is also generalised to the RP 2 
case, involving however only the lengths and twists. Some progress has also been 
made towards using these co-ordinates to write down a Weil-Petersson like measure 
on the Teichmuller spacer, which contains within it the usual Weil-Petersson measure 
on T 2 . 

Even though the Higgs bundle approach appears to lead to an uniformisation 
by a domain in CP 2 , the associated real holonomy should lead to a construction 
identical to that of Goldman. The challenge here is to formulate the matter part of 
W-string theory on this uniformizing space and provide the kind of explicit description 
available in standard string theory. In analogy with the bosonic string|27], E3], it 
would be interesting to study the structure of W-string theory at the boundaries of 
this Teichmuller space. 
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